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SELMER GROUPS OF ELLIPTIC CURVES OVER THE
PGL(2) EXTENSION
JISHNU RAY AND R. SUJATHA
Abstract. Iwasawa theory of elliptic curves over noncommuta-
tive extensions has been a fruitful area of research. The central
object of this paper is to use Iwasawa theory over the GL(2) ex-
tension to study the dual Selmer group over the PGL(2) extension.
AMS subject classifications: 11R23, 11G05, 11R34
1. Introduction
Iwasawa theory of elliptic curves without complex multiplication over
the trivializing extension was initiated in [How98], [CH01], [Coa99].
One of the important results proved in [Coa99] is that the Pontryagin
dual of the Selmer group is torsion over the corresponding noncommu-
tative Iwasawa algebra under suitable hypothesis. Let E be an elliptic
curve over a number field F such that E has good ordinary reduction
at all the primes of F lying over an odd prime p. A celebrated conjec-
ture, due to Mazur, then states that the dual Selmer group over the
cyclotomic Zp-extension is torsion as a module over the corresponding
Iwasawa algebra.
In the context of Iwasawa theory over a noncommutative p-adic Lie
extension, one mainly considers admissible p-adic Lie extensions which
contain the cyclotomic extension. Results from cyclotomic Iwasawa
theory are then used to obtain results in noncommutative Iwasawa the-
ory. Coates and the second author formulated the MH(G)-conjecture
as a natural analogue of the above conjecture of Mazur [CS12]. In this
paper, an attempt is made to study Iwasawa theory of elliptic curves
over a PGL(2) extension, by adopting a descent approach, since the
PGL(2) extension does not contain the cyclotomic extension. Specif-
ically, we use GL(2) Iwasawa theory to try and gain insights into
PGL(2) Iwasawa theory. Our results, though modest give necessary
and sufficient conditions for the dual Selmer group to be torsion over
the PGL(2) extension. In addition, we also use the structure theorem
of modules over noncommutative Iwasawa algebras (see [CSS03]), to
.
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further understand when the dual Selmer group over the PGL(2) ex-
tension is a torsion module. Let F∞ = F [Ep∞ ] be the noncommutative
p-adic Lie extension with Galois group G = Gal(F∞/F ) having center
C. Serre showed that G is a compact open subgroup of GL(2,Zp). Let
Sel(E/F∞) be the Selmer group over F∞; its Pontryagin dual is easily
seen to be a finitely generated module over the Iwasawa algebra Λ(G).
Let K∞ be the fixed field of F∞ under the center C. Let Sel(E/K∞)
be the Selmer group over K∞; its dual is again a finitely generated
module over the Iwasawa algebra Λ(PG) = Λ(G/C). The main result
in the paper is summarized below.
Theorem 1.1 (see Theorem 3.5). The dual Selmer group ̂Sel(E/K∞)
is a torsion Λ(PG)-module if any of the following conditions hold:
(1) The Selmer group Sel(E/F ) is finite and H2(PG, ̂Sel(E/K∞))
is finite.
(2) The Selmer group Sel(E/F ) is finite, ̂Sel(E/F∞) is a torsion
Λ(G)-module and H0(PG, H1(C, ̂Sel(E/F∞)) is finite.
(3) ̂Sel(E/F∞) is a torsion Λ(G)-module and C acts as a nonzero
divisor on ̂Sel(E/F∞).
Conversely, if ̂Sel(E/K∞) is a torsion Λ(PG)-module then part (3)
holds.
The assertion in (3) can also be reinterpreted using the structure
theorem for modules over noncommutative Iwasawa algebras. By the
structure theorem for finitely generated modules over noncommuta-
tive Iwasawa algebras (see [CSS03, p. 74]), the dual of Sel(E/F∞) is
pseudo-isomorphic to a finite direct sum of cyclic modules of the form
Λ(G)/Ji where Ji are reflexive ideals in Λ(G). If the center acts as
a nonzero divisor on each of these cyclic summands, then it can be
shown that the dual Selmer group Sel(E/K∞) is torsion as a Λ(PG)-
module (see Theorem 3.6). It seems to us that the full strength of the
structure theorem has not been exploited. Specifically, the ideals in
the summands are reflexive and pure of grade 1. It might be possible
to use this effectively to study the homology groups Hj(PG,Λ(G)/Ji).
This would then yield finer results on the structure of the dual Selmer
group. We hope to return to this line of investigation later.
This paper consists of four sections including the introduction. In
Section 2, we set up notation and collect the preliminary results that
will be needed. In Section 3, the defining exact sequences for the Selmer
groups are used to compare the Selmer groups over the GL(2) exten-
sion and the PGL(2) extension (see Theorem 3.1). Furthermore, using
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a descent approach from the Selmer group over the GL(2) extension,
we prove various equivalent conditions that are sufficient to ensure that
the dual Selmer over the PGL(2) extension is a cotorsion module over
the corresponding Iwasawa algebra (see Theorems 3.5 and 3.6). As
an application, Section 4 deals with regular growth of ranks of Selmer
groups as we descend from the GL(2) extension to the PGL(2) exten-
sion (see Proposition 4.1). Moreover, we study the relation between
the Selmer group over the base field F and the Selmer group over the
PGL(2) extension (see Theorem 4.2).
Zerbes [Zer05, Chapter 8] and Howson [How98, Thm. 5.34], in their
respective theses studied the Euler characteristic of the Selmer group
over the PGL(2) extension, assuming it is a cotorsion module. Our
attempt in this paper has largely been towards understanding when
the dual Selmer over the PGL(2) extension is a torsion module.
It is clear that our methods in this paper are extendable to a broader
class of Galois representations. Our case of representations arising from
elliptic curves should be seen as a first step.
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2. Preliminaries
Let E be an elliptic curve over a number field F without complex
multiplication and p be an odd prime. Let us suppose that E has good
ordinary reduction at the primes above p.
For any p-adic Lie extension H∞ of F we can define the Selmer group
of E over H∞ as a kernel of a natural global to local cohomological map
defined by the following sequence.
(2.1) 0→ Sel(E/H∞)→ H
1(FS/H∞, Ep∞)
λH∞−−−→ ⊕v∈SJv(H∞).
Here Jv(H∞)’s are local cohomology groups defined in [How98, Eqn.
5-15].
The Selmer group encodes several p-adic arithmetic information about
the elliptic curve. It follows immediately from Kummer theory of E
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over H∞ that we have the following exact sequence
0→ E(H∞)⊗Qp/Zp → Sel(E/H∞)→X(E/H∞)(p)→ 0
where X(E/H∞) is the Tate-Shafarevich group (cf. [CS10]).
It is easy to see that the dual Selmer group is a finitely generated
module over the Iwasawa algebra
Λ(Ω) = lim
←−
W
Zp[Ω/W ],
where W runs over all open normal subgroups of Ω = Gal(H∞/F ).
It is natural to study the structure of this Selmer group. In the clas-
sical case, when the group Ω = Gal(Fcyc/F ) ∼= Zp is commutative,
the Iwasawa algebra Λ(Ω) is a commutative local ring. One may then
use the well known structure theorem of finitely generated modules
in this setting [Bou98, Chap. VII, Sec. 4]. In the noncommuta-
tive case, the Iwasawa algebra Λ(Ω) is an Auslander regular local ring
[Ven02, Thm. 3.26] and hence there is a dimension theory for mod-
ules in this setting. Suppose M is a finitely generated module over a
noncommutative Iwasawa algebra Λ(Ω). Then M is a torsion Λ(Ω)-
module if dimM ≤ dimΛ(Ω) − 1. The module M is pseudonull if
dimM ≤ dimΛ(Ω) − 2 (see [Ven02, Sec. 3]). There is also a weak
structure theorem [CSS03].
Set
Fn = F (Epn+1), F∞ = F (Ep∞)
and write
Gn = Gal(F∞/Fn), G = Gal(F∞/F ).
By a well known result of Serre [Ser72], G is open in GL2(Zp) for all
primes and G = GL2(Zp) for all but a finite number of primes. Note
that F∞ contains Fcyc, the cyclotomic Zp-extension over F with Galois
group Γ, a p-adic Lie group of dimension 1.
A deep conjecture of [Maz72] asserts
Conjecture 2.1 (Mazur). Sel(E/Fcyc) is a finitely generated cotorsion
Λ(Γ)-module.
This conjecture is known to hold in some cases (for instance when
F = Q), thanks to a celebrated result of Kato [Kat04].
Coates and Howson in [CH97], [CH01], developed Iwasawa theory
over the GL(2) extension F∞ and proved conditions under which the
Selmer group Sel(E/F∞) is cotorsion as a module over the noncommu-
tative Iwasawa algebra Λ(G). In particular, they showed the following
results (cf. Lemmas 4.7, 4.8, Prop. 4.3, Thm. 4.5 of [Coa99]).
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Theorem 2.2 (Coates, Howson). If Sel(E/F ) is finite, then H i(G, Sel(E/F∞))
is finite for i = 0, 1. Additionally, if Sel(E/F∞) is Λ(G)-cotorsion, then
H i(G, Sel(E/F∞)) is 0 for i = 2, 3, 4.
Theorem 2.3 (Coates, Howson). If G is a pro-p group and Sel(E/Fcyc)
is a cotorsion Λ(Γ)-module and has µ-invariant 0, then Sel(E/F∞) is
a cotorsion Λ(G)-module.
Coates and Howson have also calculated an explicit formula for the
Euler characteristic χ(G, Sel(E/F∞) (cf. [CH01, Thm. 1.1]) under the
assumption that Sel(E/F∞) is cotorsion as a Λ(G)-module. Their point
of view was to understand how Iwasawa theory over the cyclotomic
extension Fcyc influences the Iwasawa theory when one climbs up the
tower to F∞.
Let M be a module with a continuous action of a profinite group G
with a closed normal subgroup H . Recall the Hochschild-Serre spectral
sequence,
(2.2) Hr(G/H,Hs(H,M)) =⇒ Hr+s(G,M).
We shall make repeated use of this sequence with H = C, the centre
of G.
3. Descent from GL(2) Iwasawa theory to PGL(2) Iwasawa
theory
From the Hochschild-Serre spectral sequence (see (2.2)) with G =
Gal(F∞/F ), H = C and G/H = PG, it is easy to see that we obtain
the following commutative diagram with exact rows noting that the
the center C is pro-p and has p-cohomological dimension 1.
(3.1)
0 Sel(E/F∞)
C H1(FS/F∞, Ep∞)
C
(
⊕v∈S Jv(F∞)
)C
0 Sel(E/K∞) H
1(FS/K∞, Ep∞) ⊕v∈SJv(K∞)
α β
λK∞
γ
The vertical maps are given by restriction maps. Our first objective
is to prove the following theorem.
Theorem 3.1. The vertical maps α, β, γ in the fundamental diagram
(3.1) are all isomorphisms. In particular,
Sel(E/K∞) ∼= Sel(E/F∞)
C
as Λ(PG)-modules.
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Proof. Since the p-cohomological dimension of C is 1, by the Hochschild-
Serre spectral sequence, it is clear that the cokernel of the maps β and
γ are zero. The following argument shows that ker(β) = H1(C,Ep∞)
is zero. The congruence subgroups of GL2(Zp) form a base of neigh-
bourhood for its topology, thus C must contain a scalar matrix
x =
(
1 + pn 0
0 1 + pn
)
for n sufficiently large. But x lies in C, so x−1 annihilates H1(C,Ep∞)
(see [Mil86, Chap. I, Lemma 6.21]). Therefore, pnH1(C,Ep∞) = 0.
Now consider the short exact sequence
(3.2) 0→ Epn → Ep∞
×pn
−−→ Ep∞ → 0.
As pnH1(C,Ep∞) = 0, the long exact sequence corresponding to (3.2)
gives rise to the following short exact sequence
(3.3) 0→ H1(C,Ep∞)→ H
2(C,Epn)→ H
2(C,Ep∞)→ 0.
Now, C has p-cohomological dimension 1 and hence H2(C,Epn) = 0.
Therefore H1(C,Ep∞) = 0 by (3.3). This shows that the map β is
injective.
Writing γ = ⊕v∈Sγv, Shapiro’s lemma (cf. [CF67, Chap. VII, Prop.
7.2], see also the proof of [CH01, Lemma 2.8]) gives
(3.4) Ker(γv) = H
1(ΘCw , E(F∞,w))(p),
where w is a prime of F∞ above v and Θ
C
w is the decomposition group
of C at w. In the following, it will be shown that
(3.5) H1(ΘCw , Ep∞) = 0.
The decomposition subgroup ΘCw is a subgroup of C which is a subgroup
of Z×p = µp−1 × (1 + pZp) where µp−1 is the group of (p − 1)-roots of
unity. Therefore ΘCw is of the form ∆×H where ∆ is a finite group of
order prime to p and H is a subgroup of 1+ pZp and hence a procyclic
group. Let σ be a topological generator of H , σ = 1 + pn for some n.
By [NSW08, Prop. 1.7.7],
H1(H,Ep∞) = Ep∞/(σ − 1)Ep∞ = Ep∞/p
nEp∞ .
AsEp∞ is a p-divisible group, Ep∞/p
nEp∞ = 0 , giving usH
1(H,Ep∞) =
0.
Also note that as ∆ is a finite group of order prime to p, it follows
that H1(∆, EHp∞) = 0. The following exact sequence
0→ H1(∆, EHp∞)→ H
1(∆×H,Ep∞)→ H
1(H,Ep∞)
∆,
gives H1(∆×H,Ep∞) = 0 which proves (3.5).
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If v ∤ p, by Kummer theory [Gre99, Sec. 2] H1(ΘCw, E(F∞,w))(p) =
H1(ΘCw , Ep∞) which vanishes by (3.5). This proves that Ker(γv) = 0
when v ∤ p.
Now suppose that v | p. Let u be the prime of K∞ such that w | u
and u | v and Iu be the inertia subgroup of K∞ over F at the prime
u. Since Iu is infinite, K∞,u is deeply ramified (see [CG96]). Thus by
[CG96, Prop. 4.8, Thm. 2.13],
ker(γv) = H
1(ΘCw , E(F∞,w))(p)
∼= H1(ΘCw , D),
where D can be identified with E˜v,p∞, the p-primary subgroup of the
reduction of E modulo v. By [CG96], the module D also satisfies the
following exact sequence
(3.6) 0→ C ′ → Ep∞ → D → 0
where C ′ is divisible and D is the maximal quotient of Ep∞ by a
divisible subgroup such that Iv acts on D via a finite quotient. The
exact sequence (3.6) gives that the following sequence
H1(ΘCw , Ep∞)→ H
1(ΘCw , D)→ H
2(ΘCw , C)
is exact. By (3.5) we know that H1(ΘCw , Ep∞) = 0 and since Θ
C
w
is a subgroup of C which has p-cohomological dimension 1, we have
H2(ΘCw , C) = 0. Therefore, it is clear that H
1(ΘCw , D) = 0 which shows
that ker(γv) = 0 for v | p.
Thus the maps β and γ is are isomorphisms. The theorem now fol-
lows from the snake lemma applied to the fundamental diagram (3.1).

Corollary 3.2. IfH1(G, Sel(E/F∞)) is finite, then H
1(PG, Sel(E/K∞))
is also finite.
Proof. The assertion follows from the natural injection
H1
(
PG,
(
Sel(E/F∞)
)C)
→֒ H1(G, Sel(E/F∞)),
and Theorem 3.1. 
The reader is referred to Theorem 2.2 in Section 2 for cases where
H1(G, Sel(E/F∞)) is known to be finite.
3.3. Conditions when the Selmer over PGL(2) extension is co-
torsion. The following theorems give several conditions when ̂Sel(E/K∞)
is torsion as a Λ(PG)-module.
Theorem 3.4. Assume weak Leopoldt’s conjecture at K∞, that is,
H2(FS/K∞, Ep∞) = 0. Then the dual Selmer group ̂Sel(E/K∞) is
Λ(PG)-torsion if and only if the map λK∞ in (3.1) is surjective.
8 JISHNU RAY AND R. SUJATHA
Proof. The proof follows from [SS12, Thm. 7.2]. 
Theorem 3.5. The dual Selmer group ̂Sel(E/K∞) is a torsion Λ(PG)-
module if any of the following conditions hold:
(1) The Selmer group Sel(E/F ) is finite and H2(PG, ̂Sel(E/K∞))
is finite.
(2) The Selmer group Sel(E/F ) is finite, ̂Sel(E/F∞) is a torsion
Λ(G)-module and H0(PG, H1(C, ̂Sel(E/F∞)) is finite.
(3) ̂Sel(E/F∞) is a torsion Λ(G)-module and C acts as a nonzero
divisor on ̂Sel(E/F∞).
Conversely, if ̂Sel(E/K∞) is a torsion Λ(PG)-module then (3) holds.
Proof. Let M = ̂Sel(E/F∞). Since Sel(E/F ) is finite, the cohomology
groups H0(PG,MC) and H1(PG,MC) are finite (see Theorem 2.2 and
Corollary 3.2). Since
rankΛ(PG)MC =
3∑
k≥0
(−1)krankZpHk(PG,MC),
we obtain rankΛ(PG)MC = 0 and hence MC is Λ(PG)-torsion. This
proves (1).
To show that the condition in (2) is also sufficient, note that if M
is Λ(G)-torsion and Sel(E/F ) is finite, then H1(G,M) is finite and
H2(G,M) = 0 (see Theorem 2.2). By Hochschild-Serre spectral se-
quence, we conclude that H0(PG, H1(C,M)) is finite if and only if
H2(PG,M) is finite, and hence (2) follows from (1).
For (3), note that it follows from Hochschild-Serre spectral sequence
that
rankΛ(G)M =
∑
k≥0
(−1)krankZpHk(G,M)(3.7)
= rankΛ(PG)MC − rankΛ(PG)H1(C,M)(3.8)
Suppose (3) holds. Since H1(C,M) is precisely the Λ(G)-submodule
of M consisting of the elements in M annihilated by the augmentation
ideal I(C) = 〈c − 1〉, we have H1(C,M) = 0. Hence the conclusion
follows from (3.8) and Theorem 3.1.
Finally, suppose if MC ∼= ̂Sel(E/K∞) is a torsion Λ(PG)-module.
Then it follows from (3.8) that M is torsion as a Λ(G)-module and
H1(C,M) is torsion as a Λ(PG)-module. Then H1(C,M) is pseudonull
as a Λ(G)-module. But M has no nonzero pseudonull submodules (see
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[OV02, Thm. 5.1]) and therefore H1(C,M) = 0 and hence C acts as a
nonzero divisor on M .

The following theorem gives a restatement of condition (3) in Theo-
rem 3.5 using the structure theorem of dual Selmer groups over noncom-
mutative Iwasawa algebras [CSS03]. By (loc.cit), there is an injection
of Λ(G)-modules
⊕mi=1Λ(G)/Ji →֒ M/M0
with pesudonull cokernel. Here Ji ’s are reflexive ideals in Λ(G) which
are pure of grade 1 andM0 is the maximal pseudonull submodule ofM .
But M has no nontrivial pseudonull submodule and therefore M0 = 0.
This gives the exact sequence
(3.9) 0→ ⊕mi=1Λ(G)/Ji →M → N → 0
where N is a pseudonull Λ(G)-module.
Theorem 3.6. The Selmer group Sel(E/K∞) is a cotorsion Λ(PG)-
module if and only if Sel(E/F∞) is a cotorsion Λ(G)-module and C
acts as a nonzero divisor on Λ(G)/Ji for all i ≥ 1.
Proof. Since the center C has p-cohomological dimension 1, the se-
quence (3.9), gives the following exact sequence of Λ(PG)-modules.
0→ H1(C,⊕
m
i=1Λ(G)/Ji)→ H1(C,M)→ H1(C,N)
(3.10)
→ (⊕mi=1Λ(G)/Ji)C →MC → NC → 0.(3.11)
If C acts as a nonzero divisor on Λ(G)/Ji, then Ji * I(C) and hence
(3.12) dimΛ(PG)(Λ(G)/Ji)C < dimΛ(PG) = 4,
which implies that (Λ(G)/Ji)C is Λ(PG)-torsion. Now, as N is a
pseudonull Λ(G)-module,
dimΛ(G)N ≤ dimΛ(G)− 2 = dimΛ(PG)− 1.
This implies that NC is a torsion Λ(PG)-module and the same holds
for the module MC from (3.12) and (3.11).
Conversely, suppose that MC ∼= ̂Sel(E/K∞) is torsion as a Λ(PG)-
module. Then by Theorem 3.5, M is torsion as a Λ(G)-module and C
acts as a nonzero divisor on M . In particular, H1(C,M) = 0 whence
H1(C,⊕
m
i=1Λ(G)/Ji) = 0 by (3.10). This implies that C is a nonzero
divisor on the summands Λ(G)/Ji.

10 JISHNU RAY AND R. SUJATHA
Remark 3.7. We note that the ideals Ji cannot be I(C) for all i ≥ 1
because the center C cannot act trivially on the Selmer group at F∞
(see Prop. 3.8).
Suppose none of the ideals Ji are contained in I(C). Then ̂Sel(E/K∞)
is torsion as a Λ(PG)-module. On the other hand, if Ji = I(C) for some
i, then ̂Sel(E/K∞) cannot be torsion as a Λ(PG)-module (see Theorem
3.6).
Suppose Sel(E/F∞) is cotorsion as a Λ(G)-module, Sel(E/F ) and
H1(G,N) are finite. Then none of the ideals Ji can be contained in
I(C). This is because, from (3.9) we obtain the exact sequence
H1(G,N)→ (⊕
m
i=1Λ(G)/Ji)G →MG
whose first and last terms are finite. In this case, ̂Sel(E/K∞) is torsion
as a Λ(PG)-module.
In [CSS03, Prop. 8.10], for the elliptic curve E = X1(11) : y
2 + y =
x3 − x2 of conductor 11 and prime p = 5, the authors show that the
center C cannot act trivially on Sel(E/F∞). The following proposition
generalizes this for any elliptic curve without complex multiplication
and with good ordinary reduction for the primes above p.
Proposition 3.8. Suppose G ∼= C × PG, Sel(E/F∞) is a cotorsion
Λ(G)-module and Sel(E/F ) is finite. Then the center C cannot act
trivially on Sel(E/F∞).
Proof. If C acts trivially on Sel(E/F∞), then
Sel(E/F∞) = Sel(E/F∞)
C ∼= Sel(E/K∞).
As Sel(E/F∞) is Λ(G)-cotorsion and Sel(E/F ) is finite, the cohomology
groups H i(G, Sel(E/F∞)) are finite for all i. The degeneration of the
Hochschild-Serre spectral sequence (see [NSW08, Prop. 2.4.5]), gives
an injection
H i(PG, Sel(E/K∞)) →֒ H
i(G, Sel(E/F∞)).
This implies that the cohomology groups H i(PG, Sel(E/K∞)) are finite
for all i. Hence
rankΛ(PG) ̂Sel(E/K∞) =
∑
i≥0
(−1)irankZpHi(PG,
̂Sel(E/K∞)) = 0,
whereby Sel(E/K∞) is Λ(PG)-cotorsion. We deduce that
dimΛ(G) ̂Sel(E/F∞) ≤ dimΛ(PG)− 1 = dimΛ(G)− 2.
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This would imply that ̂Sel(E/F∞) is a pseudonull Λ(G)-module. But
̂Sel(E/F∞) has no nonzero pseudonull submodules. Hence ̂Sel(E/F∞) =
0. On the other hand it is known that ̂Sel(E/F∞) is infinite dimen-
sional as a Qp-vector space (see [Coa99, Thm. 1.5]). This gives us a
contradiction. 
Examples 3.9. Here are some examples of elliptic curves E such that
G = Gal(F∞/F ) is a direct product of its center C and PG. We follow
the nomenclature from Cremona tables [Cre97].
(1) Let E be the elliptic curve X1(11), namely E is the curve y
2 +
y = x3 − x2 and prime p = 5. This is a curve of conductor 11
defined over Q but we consider it over F = Q(µ5). Put F∞ =
F (E5∞). Then G = Gal(F∞/F ) has the form G = C × PG
([CSS03, Example 8.7, p. 104]).
(2) Let E be the elliptic curve X0(11), namely E is the curve y
2 +
y = x3 − x2− 10x− 20 and p = 5. This is a curve of conductor
11 defined over Q but we consider it over F = Q(µ5). Put
F∞ = F (E5∞). Then the Galois group G = Gal(F∞/F ) is
a subgroup of the first congruence kernel of GL2(Z5). [Fis03,
Eqn. 3, p. 586]. Hence G is of the form C × PG.
(3) For any general elliptic curve E over F without complex multi-
plication and with good ordinary reduction for the primes above
p, we can always find an integer k large enough such that, over
the base field F [Epk ], the Galois group G = Gal(F∞/F [Epk ])
lies inside the first congruence kernel of GL2(Zp) and hence can
be written in the form C × PG.
4. Applications
Suppose G ∼= PG× C. Let Cn = C
pn and Gn = PG× Cn.
Proposition 4.1. Let ̂Sel(E/F∞) be a torsion Λ(G)-module. Then,
for all large n, rankΛ(PG) ̂Sel(E/F∞)Cn is a constant, independent of n.
Proof. Let M = ̂Sel(E/F∞). As Gn is of finite index in G, M is also
a finitely generated module over Λ(Gn). As Cn ∼= Zp, we can identify
MCn with H1(Cn,M) and then they both are finitely generated over
Λ(PG). Therefore,
rankΛ(PG)MCn = rankΛ(Gn)M + rankΛ(PG)M
Cn
= pnrankΛ(G)M + rankΛ(PG)M
Cn
= rankΛ(PG)M
Cn
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Note that Cn is in the center, hence abelian and therefore M
Cn is a
Λ(G)-submodule of M . But M is a finitely generated module over
Λ(G) and hence M is a noetherian module and satisfies the ascending
chain condition on its submodules. Hence the chain
MC0=C ⊂MC1 ⊂ · · ·MCn · · ·
stabilizes and so rankΛ(PG)M
Cn is a constant independent of n, for all
sufficiently large n. 
Consider the following fundamental diagram.
(4.1)
0 Sel(E/K∞)
PG H1(FS/K∞, Ep∞)
PG
(
⊕v∈S Jv(K∞)
)PG
0 Sel(E/F ) H1(FS/F,Ep∞) ⊕v∈SH
1(Fv, E)(p)
λPGK∞
f g
λF
h
Let Coker(λPGK∞) be the cokernel of the map λ
PG
K∞
in (4.1).
Theorem 4.2. The vertical maps f, g, h in the fundamental diagram
(4.1) have finite kernels and cokernels. Furthermore, if Sel(E/F ) is
finite, then Coker(λPGK∞) is finite.
Proof. Since H1(C,Ep∞) = 0, using Hochschild-Serre spectral sequence
and noting that the cohomology groups
H i(PG, Ep∞(K∞)) = H
i(G,Ep∞)
are finite for i ≥ 1, it is easy to see that the kernel and the cokernel of
g are finite. Arguing along the lines of Theorem 3.1, using Shapiro’s
lemma it follows that the kernel and cokernel of h are also finite. By
snake lemma we deduce that the same is true for f .
If Sel(E/F ) is finite, Coker(λF ) is finite (cf. [CS10, p. 35]). This
implies that Coker(h◦λF ) is finite. But Coker(h◦λF ) = Coker(λ
PG
K∞
◦g)
and we know that Coker(g) is finite. Hence Coker(λPGK∞) is finite.

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